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Smooth profinite groups, I: geometrizing Kummer theory
Charles De Clercq, Mathieu Florence1
Abstract. Let G be a profinite group. Let p be a prime. The goal of this paper
is to provide an extension of usual Kummer theory over a field F , with coefficients
in p-primary roots of unity. We do this in two complementary directions. On
the one hand, we replace the absolute Galois group of F and its p-cyclotomic
character, by a (1, e)-cyclotomic pair (G,Z/p1+e)(1), as introduced in [3] and [4].
On the other hand, we extend the coefficients to G-linearized line bundles in Witt
vectors, over a G-scheme S of characteristic p. Extensions of such objects give
rise to (G,Wr)-affine spaces- a simple p-adic avatar of usual real affine spaces.
Our main results are the Weak One-Dimensional Lifting Theorem 9.1, and the
Strong One-Dimensional Lifting Theorem 12.1. Their proof uses a remarkable
new algebraic device: the Integral Theorem for Frobenius (FIT)- Theorem 10.3.
We propose a new definition of an e-smooth profinite group- see section 7. It is
intrinsic to G, and much more flexible than the notion of a (1, e)-cyclotomic pair.
We finish by stating a deep conjecture, asserting the existence of mod p2 liftings
of complete flags of mod p semi-linear representations of a 1-smooth profinite
group- the Uplifting Conjecture 13.1. This Conjecture is proved in the preprint
[6], which is a continuation of the present work. Among other things, the Up-
lifting Conjecture implies that mod p Galois representations, of a field F , lift
unconditionally mod p2.
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1. Introduction, Notation
We develop an enhancement of Kummer theory, by geometrizing its coefficients.
We now discuss how.
Denote by A a semi-local ring; for instance, a field. Denote by G “its” e´tale
fundamental group, and let p be a prime, invertible in A. Let r ≥ 1 be an integer.
Kummer theory, in its most elementary and purest form, states the following.
Consider the Kummer exact sequence, of e´tale sheaves on Spec(A),
1 −→ µpr −→ Gm −→ Gm −→ 1.
Then, the induced arrow
A×/(A×)p
r ∼
−→ H1et(Spec(A), µpr ) = H
1(G,µpr )
is an isomorphism. This follows from Grothendieck-Hilbert’s Theorem 90 for Gm.
As a consequence, the natural arrow
H1(G,µpr ) −→ H
1(G,µp)
is surjective. Clearly, surjectivity also holds when we replace G by an open (or
even closed) subgroup, because a finite tale cover of Spec(A) is semi-local as well.
This fact is a (not to say *the*) major input of deep results in e´tale -or more
sophisticated- cohomology theories. It depends only on G and on its p-cyclotomic
character. This has been axiomatized in our recent work- see [3] and [4]. For
an interesting connection to structural properties of pro-p-groups, see [7]. In the
present paper, we do not assume that the reader is familiar with these texts.
As stated, Kummer theory has an obvious weakness: whereas it holds for any semi-
local ring A, its coefficients are just µpr - merely an tale sheaf of one-dimensional
free Z/pr-modules. A way to have it gain robustness, is to extend these coeffi-
cients to a G-linearized line bundle L on a G-scheme S, of characteristic p. This
should be done in such a way that, for S = Spec(Fp) and L = µp, one recovers the
surjectivity statement above. The analogue of the G-module µpr should be the
Teichmu¨ller lift Wr(L), twisted by the cyclotomic character. (For the concept of
Witt vector (line) bundles, we refer to [5], where its systematic study was initi-
ated.)
Here is how this paper is organized.
In sections 2 to 6, we lay the technical foundations, and assumptions, of our work.
These mostly consist of classical material.
In section 7, we recall the notion of an (n, e)-cyclotomic pair, and give our new
definition of e-smoothness.
In section 7, we dicuss the meaning of “lifting”.
3The Weak One-dimensional Lifting Theorem is stated in section 9, and proved in
section 11.
A main tool used in its proof is the Frobenius Integral Theorem, which is the
object of section 10.
The Strong One-dimensional Lifting Theorem, a stronger version of its weak coun-
terpart in infinite depth, is presented in section 12.
The Uplifting Conjecture is stated in Section 13.
2. Schemes, profinite groups and twists.
All schemes are assumed to be quasi-compact, and by a sheaf over a scheme, we
mean a sheaf for the Zariski topology.
Throughout, the letter G denotes a profinite group. We take a number e ∈ N≥1 ∪
{∞}. Setting Z/p∞Z := Zp, we denote either by T (for Tate), or by (Z/pe+1Z)(1),
a free Z/pe+1Z-module of rank one, endowed with a continuous action of G. In our
lifting theorems (e.g. Theorems 9.1 and 12.1), we shall make the extra assumption
that T is a (1, e)-cyclotomic module. This is a very strong requirement- see Section
7. We took care to notify the reader, whenever this assumption is necessary. For
0 ≤ e′ < e, we denote by T /pe
′+1, or by (Z/pe
′+1
Z)(1), the reduction of T modulo
pe
′+1.
Remark 2.1. The action of G on T occurs through a multiplicative character
χ = (χ1, χ2) : G −→ (Z/p
e+1)× = F×p × (1 + pZ/p
e+1
Z)×.
Without loss of generality, we could have everywhere assumed that χ1 is trivial.
However, we have chosen not make this simplification.
For any (Z/pe+1Z)-module M (or sheaf of (Z/pe+1Z)-modules on a space), and
for any integer n ∈ N, we put
M(n) :=M ⊗(Z/pe+1Z) T
⊗n,
and
M(−n) := Hom(Z/pe+1Z)(T
⊗−n,M);
these are the (Tate) twists of M .
3. Witt vectors and Witt-Frobenius modules.
Let A be a ring of characteristic p. We denote by W(A) the ring of p-typical Witt
vectors built out of A. Set-wise, W(A) is simply AN, and the ring structure on
W(A) is derived from the universal Witt polynomials (see [8]). We provide an
alternative construction of Witt vectors through divided powers in [3] and in [5,
Appendix].
The ring of Witt vectors W(A) is endowed with a Verschiebung (additive) mor-
phism
Ver : W(A) −→ W(A)
(a0, a1, a2, ...) 7−→ (0, a0, a1, a2, ...)
and the Frobenius morphism Frob : (a0, a1, ...) 7→ (a
p
0, a
p
1, ...).
4For any n ≥ 1, denote by Wn(A) the ring of truncated Witt vectors of length n.
We have W1(A) = A, and the ring W(A) is the projective limit of the Wn(A)
through the quotient maps
πn+1,n : Wn+1(A) −→ Wn(A)
(a0, ..., an+1) 7−→ (a0, ..., an)
More generally, for any two integers n ≥ m, we denote by πn,m the quotient
map Wn(A) −→ Wm(A). We will often use the following fundamental prop-
erty: the morphism W(A) −→ W1(A) = A has a multiplicative section given by
the Teichmller representative a 7→ (a, 0, ...), refered to as the multiplicative (or
Teichmller) section.
Consider now a scheme S of characteristic p, covered by affine open subschemes
Spec(Ai). We denote by Wn(S) the scheme of Witt vectors of S of length n. It is
defined by gluing the affine schemes Spec(Wn(Ai)) and is a universal thickening
of S of order n, through the nilpotent closed immersions Wn(S) −→ Wn+1(S).
In particular, the underlying topological space of Wn(S) agrees with that of S.
The following definition is classical (see [9]).
Definition 3.1. Let n ≥ 1 be an integer. The association
U 7→Wn(OS(U))
defines a sheaf of (commutative) rings on S, denoted by Wn(OS).
By definition, W1(OS) is simply the structure sheaf OS of S and following the
previous notations, for m ≥ n, we denote by
πm,n : Wm(OS) −→Wn(OS)
the natural transformation defined by the πm,n(U) : Wm(OS(U)) −→Wn(OS(U))
defined above.
Witt-Frobenius modules provide an analogue of quasi-coherentOS-modules, in the
context of Wn(OS)-modules.
Definition 3.2. Assume that S = Spec(A) is affine. Let n ≥ 1 be a positive
integer. Let M be a Wn(A)-module. The formula
U 7→M ⊗Wn(A) Wn(OS(U))
defines a presheaf (for the Zariski topology) on S. We denote by M˜ the associated
sheaf. It is a sheaf of Wn(OS)-modules.
Definition 3.3 (Witt-Frobenius Modules).
A Witt-Frobenius Module of height n ≥ 1 over S is a sheaf of Wn(OS)-modules,
which is locally isomorphic to a sheaf of the shape M˜ (cf. Definition 3.2).
When no reference to its height is necessary, a Witt-Frobenius Module will simply
be referred to as a WtF-Module.
A WtF-module over S locally isomorphic to Wn(OS)
⊕d for some d ≥ 0 is called
a Wn-bundle of rank d.
Let F be a sheaf of Wn(OS)-modules over S and let 0 ≤ m ≤ n be an integer.
The reduction of F to pm-torsion is the sheaf of Wm(OS)-modules associated to
the presheaf
U 7→ F(U)⊗Wn(OS(U)) Wm(OS(U)).
5The absolute Frobenius morphism
Frob : S −→ S
of S lifts by functoriality to an endomorphism of Wn(S), the Frobenius endomor-
phism of Wn(S), which we still denote by Frob. If F is a WtF module over S,
and if r is a positive integer, we put
F (r) := (Frobr)∗(F);
is a WtF module over S. If F is a Wn-bundle, then F (r) is a Wn-bundle as well,
of the same rank as F . Note that, throughout this paper, the Frobenius pullback
of a WtF module is always taken with respect to the Frobenius of the base where
the module is defined, thus avoiding any kind of confusion.
4. G-equivariant constructions.
Let X be an object of a category C, and G be a profinite group. In this text, a
naive action of G on X is an action of the abstract group G on X , whose kernel
G0 is an open subgroup of G. We denote by G − C the category whose objects
are objects of C, equipped with a naive action of G, and whose morphisms are
the same as morphisms in C. In G − C, Hom-sets are actually G-sets. Thus, G-
equivariant morphisms X −→ Y between G-objects of C are fixed elements of the
G-set HomG−C(X,Y ).
An object of G− C will be called a G-object of C.
Remark 4.1. Unless specified otherwise (i.e. unless we make an extra requirement
on the action) we shall write “action” for “naive action”.
As a matter of fact, all actions of G considered in this text are naive, except
one: in depth e = ∞, the G-action on a cyclotomic module Zp(1), given by a
continuous character G −→ Z×p , is not naive.
We will restrict to “topologically well-behaved” G-actions, in the sense of the
Definition below.
Definition 4.2. A G-scheme (or scheme with a G-action) is the data of a scheme
S, equipped with a naive action of G, satisfying the property:
(∗) S is covered by affine G-invariant open subschemes.
The collection of all G-schemes form a category G − Sch, with morphisms being
usual morphisms of schemes.
A (G,Fp)-scheme is, by definition, a G-scheme of characteristic p.
If S is a given G-scheme, a (G,S)-scheme is a G-equivariant morphism T −→ S
in G− Sch.
Remark 4.3. In general, G may act on a scheme S, in such a way that S is not
covered by affine G-invariant open subschemes. See, however, the next Exercise
(a classical result).
Exercise 4.4. Let S be a scheme, separated over Z, such that every finite set
of points of S is contained in an open affine subscheme of S. Show that S has
property (∗), for any naive action of G on S.
6It is clear that a closed subscheme of a G-scheme, given by a G-invariant Ideal,
is a G-scheme as well. It is perhaps less obvious that this also holds for open
subschemes.
Lemma 4.5. Let S be a G-scheme (resp. a (G,Fp)-scheme). Let U ⊂ G be a
G-invariant open subscheme. Then, U is a G-scheme as well (resp. a (G,Fp)-
scheme).
Proof. We can assume that S = Spec(A) is affine, and G finite. The complement
of U in S is given by a G-invariant ideal I ⊂ A. Pick a point u ∈ U . Denote by
P1, . . . , Pn the distinct prime ideals of A corresponding to the G-orbit of u. For
each i = 1 . . . n, there exists an element ai ∈ I, not belonging to Pi but belonging
to all other Pj ’s. Put a :=
∑n
1 ai. Then, the principal open set D(a) is contained
in U , and contains the G-orbit of u. Denoting by f :=
∏
g∈G g · a the norm of a,
we see that D(f) ⊂ U is an affine G-invariant open, containing u. Thus, U can be
covered by affine G-invariant open subschemes. 
Definition 4.6. A G-presheaf on S, with values in a category C, is a contravariant
functor, from the category of G-invariant open subsets of S (where morphisms are
inclusions), to C. A G-sheaf is a G-presheaf, satisfying the usal sheaf axiom.
Definition 4.7. Let S be a G-scheme. A G-linearized OS-Module is the data of
a quasi-coherent OS-Module M , equipped with a continuous semilinear action of
G. In concrete terms, such an action is given by isomorphisms of OS-Modules
φg :M −→ (g.)
∗(M),
one for each g ∈ G, such that the following conditions hold :
i) The mapping g 7→ φg is locally constant on G, i.e. factors through a quotient
G −→ G/G0, by a normal open subgroup.
ii) We have
φgh = (h.)
∗(φg) ◦ φh,
for each g, h ∈ G.
We will often say (G,OS)-Module instead of G-linearized OS-Module.
The collection of all (G,OS)-Modules form an Abelian category, monoidal through
the tensor product ⊗ = ⊗OS : we denote it by (G,OS)−Mod.
If M and N are two (G,OS)-Modules, the internal Hom of OS-modules
HomOS (M,N) is naturally a (G,OS)-Module, which we denote simply by
Hom(M,N). We put M∨ := Hom(OS ,M).
A locally free (G,OS)-Module of finite constant rank -as an OS-module- will be
called a G-vector bundle on S.
Remark 4.8. In the previous Definition, the largest open subgroup through which
g 7→ φg factors may be much smaller than the kernel of the action of G on S.
Remark 4.9. In short, a (G,OS)-Module is the data of a quasi-coherent OS-
Module, equipped with a semilinear (naive) action of G.
For G finite, a G-line bundle is a G-linearized line bundle over S, in the sense of
Mumford’s Geometric Invariant Theory.
Remark 4.10. Assume that X = Spec(A) is an affine G-scheme. Then, a (G,OS)-
Module is the data of an A-module M , equipped with a semilinear (naive) action
of G. Formula for the “semi” part of linearity:
g.(am) = g(a).g(m),
7for all g ∈ G, a ∈ A and m ∈M .
In particular, if G is “the” absolute Galois group of a field F , and if A = Fp, a
(G,OS)-Module on S is then a Galois representation of the field F , with coefficients
in Fp.
Remark 4.11. Let S be a G-scheme, and let M be a quasi-coherent OS-Module.
A necessary condition for G-linearizing M (that is to say, for the existence of a
structure of (G,OS)-Module on M) is that M be G-invariant. By this, we mean
that M is isomorphic to g∗(M), for all g ∈ G. Note that G-invariant Modules
need not be G-linearizable in general- except when G is a free pro-p-group, e.g.
when G = Zp.
4.1. Yoneda extensions. Let S be a G-scheme. Let m ≥ 1 be an integer (in
practice, m = 1 almost everywhere in this text). Let A,B be (G,OS)-Modules
over S. As in any Abelian category, we have the notion of a Yoneda m-extension
of A by B, which we now briefly recall (see [4, 2]). One could certainly use the
langage of derived categories instead, but we chose to stick to Yoneda extensions:
we believe they are more concrete, and easier to learn from scratch.
As usual, YExt0(G,OS)−Mod(A,B) is defined to be Hom(G,OS)−Mod(A,B). An m-
extension of A by B is an exact sequence (of (G,OS)-Modules)
E : 0 −→ B −→ A1 −→ . . . −→ Am −→ A −→ 0.
One can add two m-extensions of A by B using the Baer sum, the trivial extension
being the direct sum
0 −→ B −→ B ⊕A −→ A −→ 0
if m = 1, or the m-extension
0 −→ B
Id
−→ B −→ 0 −→ . . . −→ 0 −→ A
Id
−→ A −→ 0
otherwise. The Baer sum of two m-extensions E1 and E2 (of A by B) will be
denoted simply by E1 + E2. A morphism E1 −→ E2 between two m-extensions
of A by B is a morphism of complexes, which is the identity on A and B. The
m-extensions of A by B form a category YExtm(G,OS)−Mod(A,B).
Moreover, a morphism f : B −→ B′ (resp. g : A′ −→ A) induces a pushforward
functor
f∗ : YExt
m
(G,OS)−Mod(A,B) −→ YExt
m
(G,OS)−Mod(A,B
′)
(resp. a pullback functor
g∗ : YExtm(G,OS)−Mod(A,B) −→ YExt
m
(G,OS)−Mod(A
′, B)).
Those functors commute, in the sense that f∗g
∗ and g∗f∗ are canonically isomor-
phic.
Note that morphisms in YExt1(G,OS)−Mod(A,B) are isomorphisms. Automor-
phisms of 1-extensions are easy described, in the next Lemma.
Lemma 4.12. Let
E : 0 −→ B
i
−→ E
pi
−→ A −→ 0
be an exact sequence of (G,OS)-Modules. Then, the assignment
Hom(G,OS)−Mod(A,B) −→ AutYExt1(G,OS )−Mod(A,B)
(E),
f 7→ (x ∈ E 7→ x+ i(f(π(x))))
is an isomorphism of Abelian groups.
8Proof. Exercise, working for 1-extensions in any Abelian category. 
Let us say that two m-extensions E1 and E2 are linked if there exists an m-
extensions E3, together with morphisms
E1
$$❏
❏❏
❏❏
E2
zztt
tt
t
E3
Being linked is an equivalence relation (see [2], end of Section 2), compatible with
the Baer sum.
Definition 4.13. We denote by YExtm(G,OS)−Mod(A,B) the Abelian group
of equivalence classes of linked Yoneda m-extensions, in the category
YExtm(G,OS)−Mod(A,B).
Lemma 4.14. Assume that A is a G-vector bundle on S. Then, there is a canonical
isomorphism
YExtm(G,OS)−Mod(A,B)
∼
−→ YExtm(G,OS)−Mod(OS ,Hom(A,B)).
Proof. Same proof as [4, Proposition 2.4]. 
5. G-affine spaces.
In this text, we’d like to lay emphasis on the notion of an “affine space”. We
first define it as a set, equipped with barycentric operations, with coefficients in
a commutative ring R. This terminology unfortunately collides with the “affine
R-scheme” AnR, but we try our best to avoid ambiguities. Note that an “affine
space”, whose R-module of translations is free of rank n, is isomorphic to an
“affine scheme” AnR, over R.
We decided to allow the empty set to qualify as an affine space. Our motivation
to do so is simple: the intersection of affine subspaces is then always an affine
subspace.
Following tradition, we use the word “torsor” (under a group M) to denote
a nonempty set X , equipped with a simply transitive action of M . Thus, a
nonempty affine space is a torsor under the (abelian) group of its translations.
Conversely, a torsor over an abelian group is canonically endowed with the
structure of a (nonempty) affine space over Z.
We now discuss details. This consists in routine exercises, taking into account (al-
ways naive) actions of a given profinite group G, and transposing the set-theoretic
notions above in the context of algebraic geometry. We hope the interested reader
will enjoy reading these lines.
Definition 5.1. Let M be a (not necessarily abelian) G-group.
A (G,M)-torsor is a nonempty (left) G-set X, equipped with a (right) action of
M , subject to the following conditions :
i) The action of M on X is simply transitive, i.e. the arrow
X ×M −→ X ×X,
(x,m) 7→ (x, x.m)
is bijective.
ii) We have
g(x.m) = g(x).g(m),
9for all g ∈ G, x ∈ X and m ∈M .
Let S = Spec(A) be an affine G-scheme, i.e. the ring A is endowed with an action
of G.
Definition 5.2. Let n ≥ 1 be an integer. We denote by
∆n(A) := {(α1, . . . , αn) ∈ A
n/
n∑
i=1
αi = 1}
the usal simplex; it is a G-set.
Definition 5.3. A G-affine space over A is the data of a G-set X, equipped with
G-equivariant barycentric operations, with coefficients in A.
Concretely, this means that X is given with G-equivariant functions (one for each
n ≥ 2)
Bn : ∆n(A)×X
n −→ X,
simply denoted by
((α1, . . . , αn), (x1, . . . , xn)) 7→
∑
αixi,
satisfying the usual associativity relations (together with B1 = IdX).
If G is trivial, we just say “affine space over A” for “G-affine space over A”.
We denote by XG ⊂ X the subset consisting of G-fixed points. It is an affine space
over AG.
An affine map (not necessarily G-equivariant) X
f
−→ X ′, between G-affine spaces
over A, is the data of a map
f : X −→ X ′,
compatible with the barycentric operations of X and X ′.
We write Hom(X,X ′) for the set of such morphisms. It is a G-affine space, in a
natural way.
We put HomG(X,X
′) := Hom(X,X ′)G. The set HomG(X,X
′) thus consists of
G-equivariant affine maps X −→ X ′- also called affine G-maps.
The collection of G-affine spaces over A form a category, having the G-sets
Hom(·, ·) as morphisms.
Example 5.4. It is clear that (G,A)-modules are G-affine spaces over A, in a
natural way. The G-invariant subset ∆n(A) ⊂ An is stable under barycentric
operations in the free G-module An; it is thus also a G-affine space over A.
Exercise 5.5. Let X be a G-affine space over A.
1) Show that all barycentric operations on X can be recovered from the data of
T : X ×X ×X −→ X
(x, y, z) 7−→ x+ y − z
together with all the operations
tα : X ×X −→ X
(x, y) 7−→ αx + (1− α)y
2) Assume that there exists an element α0 ∈ A, such that α0 and 1− α0 are both
invertible. Show that T can be recovered from the tα’s, for well-chosen α’s.
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Definition 5.6. Let X be a nonempty G-affine space. An affine automorphism
of the shape
X −→ X
x 7−→ x+ y − z
for some y, z ∈ X, will be called a translation, and simply denoted by “ y − z”.
We denote by
−→
X ⊂ Aut(X) the (abelian) subgroup of translations. It comes natu-
rally equipped with the structure of a (G,A)-module.
Remark 5.7. We have y − z = y′ − z′ ∈
−→
X iff y − z + z′ = y′ ∈ X.
Lemma 5.8. Let X be an nonempty G-affine space over A. Then X is naturally
endowed with the structure of a (G,
−→
X )-torsor.
Conversely, let M be a (G,A)-module, and let X be a (G,M)-torsor. Then, X
is naturally endowed with the structure of a (nonempty) G-affine space over A,
having
−→
X = M .
Proof. This is clear. 
The next Lemma is an adaptation of the usual construction, in classical (real)
affine geometry, which provides a canonical embedding of an n-dimensional affine
space, as an affine hyperplane inside an (n+ 1)-dimensional vector space.
Lemma 5.9 (“Modulification” of a nonempty affine space).
Let
E : 0 −→M −→ N
pi
−→ A −→ 0
be an exact sequence of (G,A)-modules. Then X := π−1(1) is a nonempty G-affine
space over A, with
−→
X = M .
Conversely, given a nonempty G-affine space X over A, there exists a canonical
exact sequence of (G,A)-modules
E(X) : 0 −→
−→
X −→ E(X)
pi
−→ A −→ 0,
together with a canonical isomorphism (of G-affine spaces) X ≃ π−1(1).
Proof. The first assertion is clear. The second one is less obvious, but standard
nonetheless. We put
E(X) := (X ×A×
−→
X )/ ∼,
where the equivalence relation ∼ is given by
(x, α, y − z) ∼ (x′, α′, y′ − z′)
if and only if α = α′ and
αx− αx′ + y = y′ − z′ + z ∈ X.
The (class of the) element (x, α, y−z) is then understood as “αx+y−z ∈ E(X)”.
Addition is defined by
(x, α, y − z) + (x′, α′, y′ − z′) = (x, α+ α′, α′(x′ − x) + y + y′ − z − z′).
Muliplication by scalars is given by
β.(x, α, y − z) := (x, βα, β(y − z)).
The G-action is defined in the obvious way- as well as the extension E(X). 
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Definition 5.10 (Restriction and Extension of scalars, for affine spaces).
Let S′ = Spec(A′) another affine G-scheme and F : A −→ A′ a G-equivariant ring
homomorphism.
i) Let X ′ be a G-affine space over A′. We denote by (X ′)|f the G-affine space
over A obtained from X ′, using F to restrict scalars.
ii) Let X be a non-empty G-affine space over A. We denote by
X ⊗A A
′ := (π ⊗ IdA′)
−1(1)
the G-affine space over A′ associated to the exact sequence
E(X)⊗A A
′ : 0 −→
−→
X ⊗A A
′ −→ E(X)⊗A A
′ pi−→ A′ −→ 0.
We thus have
−−−−−−→
X ⊗A A′ =
−→
X ⊗A A′. If X = ∅, we set X ⊗A A′ = ∅.
Remark 5.11. As usual, extension of scalars is left adjoint to restriction of scalars,
for affine maps.
The previous Definitions can clearly be sheafified, in the usual fashion. We now
briefly explain how.
Definition 5.12. Let S = Spec(A) be an affine G-scheme. Let X be a G-affine
space over A. We denote by X˜ the G-sheaf on S
U 7→ X ⊗A OS(U).
For each G-invariant open U ⊂ X, X˜(U) is thus a G-affine space over OS(U).
Definition 5.13. Let S be a G-scheme.
A G-affine space over S is the data of a G-sheaf X : U 7→ X (U), with values in
the category of G-affine spaces, such that the following holds.
i) For all G-invariant open U ⊂ S, X (U) is a G-affine space over OS(U).
ii) For all G-invariant opens V ⊂ U ⊂ S, the morphism
X (ρV,U ) : X (U) −→ X (V )
is a G-equivariant affine morphism, where X (V ) is considered as a G-affine space,
via change of rings through the restriction ρV,U : OS(U) −→ OS(V ).
iii) Each s ∈ S has an open affine G-invariant neighborhood U = Spec(A), such
that X|U is isomorphic to X˜, for some G-affine space X over A.
The G-affine space X over S is said to be everywhere nonempty, if each point
s ∈ S has a G-invariant open neighborhood U , with X (U) 6= ∅. In this case, there
exists a unique (G,OS)-Module M , such that M(U) =
−−−→
X (U), for all G-invariant
open subsets U ⊂ S. We denote this M by
−→
X .
Definition 5.14. Let S be a G-scheme, and let M be a (G,OS)-Module over S.
A (G,M)-torsor (over S) is a G-affine space X over S, everywhere nonempty,
together with an isomorphism (of (G,OS)-Modules)
−→
X ≃M.
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5.1. Twisting 1-extensions. As before, we denote by S a G-scheme.
Definition 5.15. Let E and M be (G,OS)-Modules. A (left) action of M on E
is a G-equivariant morphism
M −→ AutOS (E),
between G-sheaves with values in G−Grp.
Example 5.16. Let M be a (G,OS)-Module over S. Then, M acts on
E :=M
⊕
OS ,
by the formula (on functors of points)
x.(y, λ) = (y + λx, λ),
for all x, y ∈M, and all λ ∈ OS .
Let m ≥ 1 be an integer. Let E and M be (G,OS)-Modules over S. Assume
given an action of M on E. Let P be a (right) (G,M)-torsor over S. Then, one
can form the twisted (G,OS)-Module EP , through the “usual” twisting process-
transposed to the context of G-WtF Modules. We briefly explain how.
Assume first that S = Spec(A) is affine. View M and E as A-modules, equipped
with a semilinear action of G. We put
EP := (P × E)/M.
Here, the quotient is taken with respect to the natural diagonal action of M ,
identifying (x.m, e) and (x,m.e), for all e ∈ E, m ∈ M and x ∈ P . It is a set,
equipped with an action of G. It is easy to see that there is a unique structure of
a A-Module on EP , such that, for any b ∈ P , the map
E −→ EP
e 7−→ (b, e)
is an isomorphism of A-Modules (which is, of course, not G-equivariant). The
natural action of G on EP then indeed occurs through semilinear automorphisms.
The case S arbitrary follows by gluing, using the fact that affine G-invariant open
subsets of S form a basis of the G-topology of S.
Twisting is functorial. More precisely, let
f : E −→ E′
be anM -equivariant homomorphism between (G,OS)-Modules, equipped with an
action of M . Then, twisting by the (G,M)-torsor P yields a homomorphism of
(G,OS)-Modules
fP : EP −→ E′
P
.
Note that the twist EP is canonically isomorphic to E in each of the following
cases.
i) if the (G,M)-torsor P is equal to M , the trivial torsor.
ii) if the action of M on E is trivial.
We can now precisely formulate an equivalence of categories, between 1-extensions
of OS by M and (G,M)-torsors. It is a “sheafification” of Lemma 5.9.
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Lemma 5.17. Let S be a G-scheme. Let M be a G-Module over S. Let
E : 0 −→M −→ E
pi
−→ OS −→ 0
be an exact sequence of (G,OS)-Modules. Then, the assignment
U 7→ π−1(1) ⊂ H0(U,E)
defines a (G,M)-torsor over S, which we denote by X(E).
Conversely, let P be a (G,M)-torsor over S. Consider the trivial extension
E0 : 0 −→M
i
−→M
⊕
OS
pi
−→ OS −→ 0.
Equip M and OS with the trivial action of M , and M
⊕
OS with the action of
M given in Example 5.16. The arrows i and π are then M -equivariant. We then
denote by E(P ) the twisted extension
EP0 : 0 −→M
iP
−→ E(P ) := (M
⊕
OS)
P pi
P
−→ OS −→ 0.
The assignments
E 7→ X(E)
and
P 7→ E(P )
are mutually inverse equivalences of categories from YExt1(G,OS)−Mod(OS ,M) to
the category of (G,M)-torsors over S.
Proof. This is done in Lemma 5.9 if S is affine. The general case follows by
glueing. 
5.2. Representability. The next Lemma will create no surprise, but it is very
important. A key tool, in the proof of the Uplifting Theorem of [6], indeed consists
in base-changing to appropriate G-affine spaces- splitting schemes of extensions of
G-vector bundles.
Proposition 5.18. Let V be a G-vector bundle over a G-scheme S. Let X be a
(G, V )-torsor over S. Then, X is represented by a G-scheme, affine over S.
Slightly abusing notation, we still denote this G-scheme by X −→ S.
If X corresponds to an extension (of G-vector bundles over S)
E : 0 −→ V
i
−→ E
pi
−→ OS −→ 0,
then this (G,S)-scheme is the scheme of sections of π.
It is an affine subspace of A(E), having A(V ) as its space of translations. As such,
it is the Spec of the filtered (G,OS)-Algebra
lim
−→
(Symn(E∨)),
where the limit is taken with respect to the injections of the natural exact sequences
0 −→ Symn(E∨)
×pi∨
−→ Symn+1(E∨)
Symn+1(i∨)
−→ Symn+1(V ∨) −→ 0,
obtained by dualizing E, and forming symmetric powers.
The n-th graded piece of this filtration is Symn(V ∨).
Proof. The first point boils down to the representability of (the functor of points
corresponding to) a locally free module of finite rank, by the symmetric algebra
of its dual. Checking details of the other assertions is left to the reader, as an
exercise. 
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6. G-WtF Modules and (G,Wn)-affine spaces.
Starting from now, we shall use the G-equivariant version of the notion of WtF-
Modules, and of Witt vector bundles, as introduced in [5]. For the convenience of
the reader, we recall the main definitions.
Definition 6.1 ((G,Wn)-Module, (G,Wn)-bundle, (G,Wn)-affine space and
(G,M)-torsor over S).
Let S be a (G,Fp)-scheme, and let n ≥ 1 be an integer. Recall that Wn(S) is a
G-scheme, equipped with its Frobenius
Frob : Wn(S) −→Wn(S),
lifting the (absolute) Frobenius of S.
A (G,Wn)-Module M over S is a Wn(OS)-module, equipped with a semi-linear
action of G, by the rule
U 7→ M(U),
for all G-invariant opens U ⊂ S.
If M is a Wn-bundle, we shall say that M is a (G,Wn)-vector bundle over S.
In case mentionning n is not relevant, a (G,Wn)-Module over S is simply referred
to as a G-Witt-Frobenius (or G-WtF) Module over S.
Similarly, a (G,Wn)-affine space over S is, by definition, a G-affine space over
Wn(S). If M is a (G,Wn)-module over S, a (G,M)-torsor is defined as in 5.14,
where M is viewed as a (G,OWn(S))-Module.
Note that if M is a (G,Wn)-module over S, Lemma 5.17 implies
that the category of (G,M)-torsors is equivalent to the category
YExt1(G,Wn(OS))−Mod(Wn(OS),M).
Definition 6.2. Let S be a (G,Fp)-scheme, and let n ≥ 1 be an integer.
Let M be a (G,Wn)-Module over S.
We denote by
H1((G,S),M) := YExt1(G,Wn(OS))−Mod(Wn(OS),M)
the abelian group formed by isomorphism classes of (G,M)-torsors over S.
Definition 6.3 (Liftings of a (G,Wn)-bundle).
Let Mn be a (G,Wn)-bundle over S and r be an integer such that n ≤ r.
We say that Mn lifts to pr-torsion, if there is a (G,Wr)-bundle Mr over S, such
that Mr{n} =Mr ⊗Wr Wn is isomorphic to Mn.
We say that M lifts completely if M admits a complete lifting tower, i.e. if for
any r ≥ n, there is given a (G,Wr)-bundle Mr, with together with isomorphisms
Mr+1{r} ≃Mr.
6.1. Teichmller lifts of line bundles. Following [5, Section 3], the next
proposition shows that the multiplicative section for Witt vectors provides a com-
plete lifting tower, for G-line bundles over S.
Proposition 6.4. Let S be a scheme over Fp. Let L be a G-line bundle over S.
For any n ≥ 1, there exists a canonical lift of L to a (G,Wn)-line bundle over S.
This lift is the n-th Teichmu¨ller lift of L, and we denote it by Wn(L). Teichmu¨ller
lifts of L are compatible, in the following sense.
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1) We have W1(L) = L.
2) For all n ≥ 1, we have a natural exact sequence (of G-WtF-Modules over S)
0 −→ (Frobn)∗(L
⊗pn) −→Wn+1(L)
pin+1,n,L
−→ Wn(L) −→ 0.
Furthermore, the surjection πn+1,n,L admits a canonical (non-linear, sheaf-
theoretic, G-equivariant) section- its Teichmu¨ller section. We denote it by
τn,n+1,L, or simply by τL. It is obtained by twisting the “usual” Teichmu¨ller sec-
tion, by the Gm-torsor associated to L.
Remark 6.5. More generally, we get exact sequences
0 −→ (Frobm)∗(Wn(L
⊗pm)) −→Wn+m(L)
pin+m,n,L
−→ Wn(L) −→ 0,
for all m,n ≥ 1, by letting
πn+m,m,L := πn+1,n,L ◦ . . . ◦ πn+m−1,n+m−2,L ◦ πn+m,n+m−1,L.
They all have a canonical -nonlinear- splitting, obtained by composing Teichmu¨ller
sections of the previous Proposition.
6.2. The scheme of sections of an extension of (G,Wr)-bundles.
Let S be an (Fp, G)-scheme. Proposition 5.18 extends to the context of (G,Wr)-
bundles, as follows.
Definition 6.6. Let
Er : 0 −→ Vr
ir−→ Er
pir−→Wr(OS) −→ 0
be an extension of (G,Wr)-bundles over S; i.e., a (G, Vr)-torsor over S.
We consider the functor
Φr(= Φr(Vr) : {(G,S)− Sch} −→ {G− Sets}
(t : T −→ S) 7−→ {σr : Wr(OT )→ t∗(Er), s.t. πr ◦ σr = IdWr(OT )}.
It is the functor of sections of πr.
Proposition 6.7. The functor Φr is representable, by a G-scheme
Sr(Er)
gr
−→ S,
the scheme of sections of Er. It is naturally presented as a composite
Sr(Er) = Xr
hr−→ Xr−1
hr−1
−→ . . .
h2−→ X1
g1
−→ S.
The morphism g1 is the G-scheme of sections of the mod p reduction
E1 : 0 −→ V1
i1−→ E1
pi1−→ OS −→ 0,
as constructed in Proposition 5.18.
The morphism hi : Xi −→ Xi−1 is a (G, V
(i−1)
1 )-torsor.
Thus, the quasi-coherent (G,OS)-module (gr)∗(OSr(Er)) has a natural G-filtration,
with associated grading consisting of G-vector bundles of the shape
Syma1(V ∨1 )⊗ Sym
a2(V
(1)∨
1 )⊗ . . .⊗ Sym
ar (V
(r−1)∨
1 ),
where the ai’s are non-negative integers.
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Proof. The functor Φr is represented by the Greenberg transfer
RWr/W1(S(Er) −→ Wr(S)). Here S(Er) −→ Wr(S) denotes the scheme of
sections of Er, viewed as an extension of G-vector bundles over Wr(S) (see Propo-
sition 5.18). The rest of the statement follows from Greenberg’s structure theorem
(see [1]). It can be concretely presented as follows. Over X1 = S(E1) −→ S,
the extension E1 acquires a canonical section σ1 ∈ H0(X1, E1). Our goal is to
lift σ1 to a section σ2 of E2. The space of these sections is naturally a torsor
under the vector bundle V
(1)
1 , which we denote by h2 : X2 −→ X1. Over X2, E2
acquires a canonical section σ2. Then, we iterate, lifting σ2 to σ3, and so forth.
The description of the grading, associated to the natural filtration, follows from
Proposition 5.18. 
Remark 6.8. Tensor products of Frobenius twists of a given vector bundle V appear
in the previous statement. Such objects play an important role in [6]. They are
called symmetric functors, in the vector bundle V .
7. Cyclotomic pairs and smooth profinite groups.
In this section, we introduce the notions of cyclotomic modules and smooth profi-
nite groups. These have been studied in our earlier work: [3] and [4]. An interesting
connection to structural properties of pro-p-groups is made in [7]. In the present
text, the terminology from [3] and [4] gets modified. Due to recent progress, it is
now clear that one should distinguish between a cyclotomic pair (a notion which
depends on G and on a given cyclotomic module)- and an e-smooth profinite group
(a notion which should be intrinsic to G). On the one hand, what we used to call
an (1, e)-smooth profinite group (relatively to a cyclotomic module Z/pe(1)) in loc.
cit. will be called here a (1, e)-cyclotomic pair. On the other hand, the definition
of an e-smooth profinite group that we give below is brand new. For short, G is e-
smooth if, for any perfect (Fp, G)-algebra A, every one-dimensional G-affine space
over A admits a lift to a G-affine space over W1+e(A). We believe this definition
is as good as possible. We do apologize to the reader for being inconsistent with
the terminology used in our previous work. However, the present paper is vastly
self-contained, so that this will not generate any confusion.
We endow Zp-modules with the p-adic topology.
Definition 7.1. Let G be a profinite group and e ∈ N∗∪∞. A (Z/peZ, G)-module
M is a Z/peZ-module of finite type, endowed with a continuous action of G. (In
case e <∞, the kernel of this action is thus an open subgroup of G: the action is
naive.)
For integers 1 ≤ l ≤ e and a (Z/peZ, G)-module M, we denote by
πe,l :M−→M{l} :=M/p
lM
the quotient map.
Definition 7.2. Let n ≥ 1 and e ∈ N∗ ∪ ∞. An n-cyclotomic module T in
depth e (or an (n, e)-cyclotomic module) is a (Z/pe+1Z, G)-module, of rank 1 as a
Z/pe+1Z-module, such that for every open subgroup H ∈ G, the morphism
Hn(H, T ⊗n) −→ Hn(H, T {1}⊗n),
induced by πe+1,1, is surjective.
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Definition 7.3. A profinite group G is (n, e)-cyclotomic if there is an (n, e)-
cyclotomic module T , relatively to G. We will often say in this case that the pair
(G, T ) is (n, e)-cyclotomic. When e =∞, we simply say that the group G, or the
pair (G, T ), is n-cyclotomic.
Recall that the core of the Smoothness Conjecture [3, Conjecture 14.25] is that a
1-cyclotomic pair should also be n-cyclotomic, for any n ≥ 2. In this paper, we
shall exclusively consider (1, e)-cyclotomic modules, in arbitrary depth e.
A cyclotomic module of depth e is given by a continuous character
χ : G −→ (Z/pe+1Z)×,
and provides an analogue of the cyclotomic character in Galois theory. Pulling
this analogy further, we set, for any integer i ≥ 1
Z/pe+1Z (i) = T
⊗i
Z/pe+1Z ,
and for any Z/pe+1Z-module M, we put
M(i) =M⊗Z/pe+1Z Z/p
e+1
Z (i).
Example 7.4. Let F be a field of characteristic not p, and G = Gal(Fsep/F ) the
absolute Galois group associated to a separable closure of F . Let
µ := lim
←−
n
µpn
be the Tate module of roots of unity of p-primary order. It is a free Zp-module
equipped with a continuous action of G, and Hilbert’s 90 implies that the pair
(G,µ) is 1-cyclotomic [3, Proposition 14.19]. The Bloch-Kato conjecture implies
(and can be considered equivalent to the fact) that (G,µ) is n-cyclotomic, for any
n ≥ 1. More geometric examples of cyclotomic pairs are given in [4, 4].
We now proceed to state our new definition of smooth profinite groups. We
actually give several equivalent definitions. Let’s begin with the most technical
one.
Definition 7.5. (Smooth profinite group.)
Let e ≥ 1 be an integer. A profinite group G is said to be e-smooth if the following
lifting property holds.
Let A be a perfect Fp-algebra equipped with a (naive) action of G. Let L1 be a
locally free A-module of rank one, equipped with a semi-linear (naive) action of
G. Let c ∈ H1(G,L1) be a cohomology class. Then, there exists a lift of L1, to
a (We+1(A), G)-module Le+1(c), locally free of rank one as a We+1(A)-module
(and depending on c), such that c belongs to the image of the natural map
H1(G,Le+1(c)) −→ H
1(G,L1).
Remark 7.6. Our Weak One-Dimensional Lifting Theorem 9.1, states that a (1, e)-
cyclotomic profinite group (with respect to a cyclotomic module Z/p1+e(1)) is
e-smooth. It actually says much more: namely, we can take Le+1(c) = We+1(L)(1)
in the preceding definition. In particular, L1+e(c) is then independent of c.
Question 7.7. Given an e-smooth profinite group G, does there exist a cyclotomic
module Z/p1+eZ(1), such that (G,Z/p1+eZ(1)) is (1, e)-cyclotomic? The answer
is most likely “no”.
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In the rest of this section, our goal is to give several equivalent formulations of
Definition 7.5. We want to advertise that it is especially well-behaved in the case
e = 1; that is to say, for mod p2 liftings. Stating that a profinite group G is 1-
smooth is already an extremely strong requirement on G. It is likely to be sufficient
for most applications- provided one thinks efficiently mod p2, rather than thinking
p-adically.
First of all, we can remove the perfectness assumption on A, at the cost of adding
Frobenius twists. We leave it to the reader, to check that the following Definition
is indeed equivalent to Definition 7.5. This formally follows from the existence
of the canonical perfection Aperf := lim
−→n
An (where An = A for all n, and the
transition morphisms are Frob), for any Fp-algebra A. It also uses that the natural
map lim
−→n
W1+e(An) −→ W1+e(Aperf ) is an isomorphism (for e < ∞), and the
commutation between cohomology and direct limits.
Definition 7.8. (Smooth profinite groups: an equivalent definition.)
Let e ≥ 1 be an integer. A profinite group G is e-smooth if the following lifting
property holds.
Let A be an Fp-algebra equipped with a (naive) action of G, factoring through an
open subgroup. Let L1 be a locally free A-module of rank one, equipped with a
(naive) semi-linear action of G. Let c ∈ H1(G,L1) be a cohomology class. Then,
there exists an integer m ≥ 0 with the following property. There exists a lift of
L
(m)
1 , to a (We+1(A), G)-module L
[m]
e+1(c), invertible as a We+1(A)-module (and
depending on c), such that Frobm(c) belongs to the image of the natural map
H1(G,L
[m]
e+1(c)) −→ H
1(G,L
(m)
1 ).
The next proposition gives another definition of smoothness, in the case where the
depth e is 1.
Proposition 7.9. A profinite group G is 1-smooth iff the following holds.
Let A be a perfect Fp-algebra equipped with a (naive) action of G. Let L1 be a
locally free A-module of rank one, equipped with a (naive) semi-linear action of G.
Let c ∈ H1(G,L1) be a cohomology class. Introduce the natural exact sequence of
(W2(A), G)-modules
0 −→ Frob∗(L
⊗p
1 ) −→W2(L1) −→ L1 −→ 0;
see [5], Section 3. Denote by β its associated Bockstein homomorphism, in group
cohomology.
Then, there exists an extension of (G,A)-modules
E : 0 −→ A −→ E −→ A −→ 0,
depending on c, with the following property. Consider the twisted extension
0 −→ L⊗p1 −→ E ⊗A L
⊗p
1 −→ L
⊗p
1 −→ 0.
Applying the adjunction X −→ Frob∗(Frob
∗(X)), we get an extension of (G,A)-
modules
E(L1) : 0 −→ Frob∗(L
⊗p
1 ) −→ E(L1) −→ L1 −→ 0.
Denote by β′ the Bockstein homomorphism associated to this extension.
Then, we have β(c) = β′(c) ∈ H2(G,L⊗p1 ).
Proof. Consider the natural extension
Nat2 : 0 −→ Frob∗(A) −→W2(A) −→ A −→ 0.
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The Baer sum Nat2 − E is an extension of (G,W2(A))-modules
0 −→ Frob∗(A) −→W2(A)(E) −→ A −→ 0,
where W2(A)(E) is free of rank one as a W2(A)-module.
Applying .⊗W2(A) W2(L1) yields an extension
Nat2(E , L1) : 0 −→ Frob∗(L
⊗p
1 ) −→W2(L1)(E) −→ L1 −→ 0.
Its middle term is a lift of L1 to an invertible W2(A)-module equipped with a
semi-linear action of G. Note that all such lifts occur that way, for a unique E .
The Bockstein of Nat2(E , L1) equals β − β′. The claim follows. 
There is a very simple reformulation of Definition 7.5, in terms of liftability of
one-dimensional G-affine spaces (see section 5).
Definition 7.10. (Smooth profinite group, another equivalent definition.)
Let e ≥ 1 be an integer. A profinite group G is e-smooth iff the following lifting
property holds.
Let A be a perfect Fp-algebra, equipped with a (naive) action of G.
Let X1 be a non-empty G-affine space over A, such that
−→
X1 is an invertible
A-module.
Then, X1 admits a lift to a G-affine space X1+e over W1+e(A), such that
−−−→
X1+e
is an invertible W1+e(A)-module.
Proposition 7.11. If e = 1, we can add in Definition 7.5 the extra requirement
that L1 be free of rank one, as an A-module. Hence, L2(c) is automatically free,
as a W2(A)-module.
Proof. We use the equivalent definition given by Proposition 7.9. Assume the
lifting property holds whenever L1 is free.
Let L1 be arbitrary, c ∈ H1(G,L1) be a cohomology class and put B :=
⊕
n∈Z L
⊗n
1 .
This is an (Fp, G)-algebra, and Spec(B) −→ Spec(A) is the Gm-torsor associated
to the invertible module L1. The B-module L1⊗AB is free of rank one- it is even
equipped with a canonical trivialization. By assumption, there exists m ≥ 0, and
an extension of (G,B)-modules
F : 0 −→ B −→ F −→ B −→ 0,
such that β(c) = β′(c) ∈ H2(G,L1 ⊗A B). Here, β′ stands for the Bockstein
associated to the extension of (G,B)-modules
F(L1) : 0 −→ Frob∗(L
(1)
1 ⊗A B) −→ F (L1) −→ L1 ⊗A B −→ 0.
Now, the extension F , considered as an extension of (G,A)-modules, reads as
0 −→
⊕
n∈Z
L⊗n1 −→ F −→
⊕
n∈Z
L⊗n1 −→ 0,
and F(L1) reads as
0 −→ Frob∗(
⊕
n∈Z
L
⊗(p+n)
1 ) −→ F (L1) −→
⊕
n∈Z
L
⊗(1+n)
1 −→ 0.
We can project everything (by pushforward on the left and pullback on the right)
on the direct summands corresponding to n = 0. By doing so, we get extensions
of (G,A)-modules
E : 0 −→ A −→ E −→ A −→ 0,
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and
E(L1) : 0 −→ Frob∗(L
(1)
1 ) −→ E(L1) −→ L1 −→ 0.
These satisfy the requirement of Definition 7.8. Checking this fact is left to the
reader. 
We conclude with one last equivalent Definition of 1-smoothness, in the classical
tongue of “embedding problems”.
Definition 7.12. (1-smooth profinite group, equivalent Definition)
A profinite group G is 1-smooth iff the following lifting property holds.
Let A be a perfect Fp-algebra equipped with a (naive) action of G. Denote by
B2 ⊂ GL2 the Borel subgroup consisting of upper triangular matrices. Then, the
natural map
H1(G,B2(W2(A))) −→ H
1(G,B2(A))
is onto.
A word is perhaps needed, to explain why this definition is equivalent to Definition
7.5- where we can assume that the A-module L1 is free of rank one, by Proposition
7.11. Notice that the datum of a cohomology class b ∈ H1(G,B2(A)) is equivalent
to an (isomorphy class of) extension of (G,A)-modules
E1 : 0 −→ D1 −→ E1 −→ D
′
1 −→ 0,
where D1 and D
′
1 are free of rank one as A-modules. The class of the extension
F1 := E1 ⊗A (D
′
1)
−1 : 0 −→ D1 ⊗A (D
′
1)
−1 −→ F1 := E1 ⊗A (D
′
1)
−1 −→ A −→ 0
is an element of H1(G,L1), with L1 := D1 ⊗A (D′1)
−1. Lifting b as requested
amounts to lifting E1 to an extension of (G,W2(A))-modules
E2 : 0 −→ D2 −→ E2 −→ D
′
2 −→ 0,
where D2 and D
′
2 are free of rank one as W2(A)-modules. This is equivalent to
lifting F1 to an extension
F2 : 0 −→ L2 −→ F2 −→W2(A) −→ 0,
where the (G,W2(A))-module L2(= D2 ⊗W2(A) (D
′
2)
−1), free of rank one as a
W2(A)-module, of course depends on b. This liftability is equivalent to that of
Definition 7.5.
Remark 7.13. In Definition 7.12, it is essential to demand that the lifting property
holds for every perfect (Fp, G)-algebra A. Without loss of generality, we can
assume that A is the perfection of an (Fp, G)-algebra, which is finitely generated
as an Fp-algebra. Considering only A = Fp would be too weak. For instance, if
p = 2 or p = 3, it is an exercise to show that one-dimensional G-affine spaces over
Fp always lift to one-dimensional G-affine spaces over Zp, without any assumption
on G.
Remark 7.14. We haven’t really thought about whether or not it suffices to demand
this lifting property, under the extra assumption that the (Fp, G)-algebra A is a
field.
Remark 7.15. A profinite group is 1-smooth (relatively to p) if and only if its
pro-p-Sylow subgroups are 1-smooth.
In the definition of a (1, e)-cyclotomic profinite group, the lifting property forH1 is
required for all open subgroups H ⊂ G. This is no longer needed in the definition
of a 1-smooth profinite group, as we now show.
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Lemma 7.16. Let G be a 1-smooth profinite group. Then, every closed subgroup
H ⊂ G is 1-smooth as well.
Proof. Without loss of generality, we can assume that H is open in G. We use
Definition 7.12. Let A be an (Fp, H)-algebra. Consider the induced (Fp, G)-algebra
IndGH(A) := MapsH(G,A),
consisting of (left) H-equivariant maps G −→ A, with ring structure induced
by that of the target A. It is endowed with the natural G-action, given by the
formula (g.f)(x) := f(xg). We have Wr(Ind
G
H(A)) = Ind
G
H(Wr(A)), because the
formation of Witt vectors commutes to finite products. Thus, we have
B2(W2(Ind
G
H(A))) = Ind
G
H(B2(W2(A))).
Shapiro’s Lemma thus yields a natural bijection
H1(G,B2(W2(Ind
G
H(A)))) ≃ H
1(H,B2(W2(A))),
which we use to conclude that the arrow of Definition 7.12 is surjective for the
pair (H,A) iff it is for the pair (G, IndGH(A)). 
Remark 7.17. Let S be a (G,Fp)-scheme, L be a G-line bundle over S, and let
n ≥ 1 be an integer. We would then like to advertise that (G,Wn(L))-torsors on
S are powerful tools, especially in Galois theory.
Let X be a (smooth, geometrically integral) variety over a field F . Denote by
G = π1(X) “the” e´tale fundamental group of X . Then, the machinery provided by
the groups Hi((G,S),Wn(L)) (for various (G,Fp)-schemes S and G-line bundles
L over them) is meant to describe “Hiet(X,Wn(L))” -where L is a rank one Fp-
local system on X . It is of purely multiplicative nature. This analogy could, in
fact, be made very accurate- especially if X is a K(π, 1).
Applying our point of view to algebraic geometry amounts to performing subtle
geometric operations (like resolution of singularities or Postnikov towers) on the
level of the coefficients of the desired cohomology, instead of doing them on the
variety X itself. These coefficients have to be (of p-primary) torsion. The variety
X then becomes almost invisible, and only subsists via its algebraic fundamental
group- which is indeed, in many cases of interest, a smooth profinite group- see
[4].
The Uplifting Conjecture, proved in [6], is an incarnation of this belief.
8. Lifting (G,Wn(L)(1))-torsors.
In this section, e ≥ 1 is an integer and we assume that G is a (1, e)-cyclotomic
profinite group, relatively to a cyclotomic module T , of depth e.
Let S be a scheme of characteristic p and V be a (G,Wn(OS))-bundle over S. IfM
is a (G, V )-torsor over S, the Frobenius pullback (Frobr)∗M is a (G, V (r))-torsor.
Definition 8.1 (Tate twists). Given a Zp-module M and n ≥ 0, recall the nota-
tion
M(n) := M ⊗Zp T
⊗n.
For n ≤ 0, put
M(n) := HomZp((Z/p
e+1
Z)(n),M).
IfM is a G-WtF-module on S and n ∈ Z, we denote byM(n) the sheaf associated
to the presheaf
U 7−→M(U)(n).
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It is a (G,We+1)-module called the n-th Tate twist of M.
The next Definitions are a prerequisite for stating the main Theorems of this
section.
Definition 8.2 (Lifting cohomology). Let S be a (G,Fp)-scheme and L be a G-
linearized line bundle over S.
Let n ≤ e be an integer and cn ∈ H1((G,S),Wn(L)(1)) be a cohomology class.
If m ∈ {n + 1, ..., e + 1} is an integer and cm ∈ H1((G,S),Wm(L)(1)) is a
cohomology class, we say that cm lifts cn, if cm is sent to cn by the map
H1((G,S),Wm(L)(1)) −→ H
1((G,S),Wn(L)(1))
induced by the natural arrow
Wm(L)(1) −→Wn(L)(1),
between G-WtF-Modules on S.
A system of complete liftings (also referred to as a complete lifting) of cn is a
sequence (ci)n+1≤i≤e+1, where ci+1 lifts ci, for all i ∈ {n, . . . , e}. We say that cn
lifts completely, if it admits a complete lifting.
Accordingly, we say that a (G,Wn(L)(1))-torsor lifts (resp. lifts completely), if its
cohomology class does.
Definition 8.3 (geometrically trivial classes). Let S be a (G,Fp)-scheme. Let L
be a G-linearized line bundle over S. Pick integers i ≥ 1 and n ≤ e + 1. Let
c ∈ H1((G,S),Wn(L)(1)) be a cohomology class.
We say that c is geometrically trivial, if it belongs to
Ker(H1((G,S),Wn(L)(1)) −→ H
1(S,Wn(L)(1))).
Accordingly, we say that a (G,Wn(L)(1))-torsor is geometrically trivial, if it is
trivial as a Wn(L)(1)-torsor, i.e. disregarding the action of G.
8.1. Lifting geometrically split extensions. The following Proposition ex-
tends the definition of a 1-smooth profinite group, to the context of geometrically
split G-linearized line bundles, over an arbitrary G-scheme.
Proposition 8.4. Assume that G is 1-smooth.
Let S be a perfect (G,Fp)-scheme. Consider a geometrically split extension of
G-linearized vector bundles over S,
E1 : 0 −→ L1 −→ E1
q
−→ OS −→ 0,
where L1 is a line bundle. Then, there exists a lift of L1, to a (G,W2)-line bundle
L2 over S, such that E1 lifts to a geometrically split extension of (G,W2)-vector
bundles over S,
E2 : 0 −→ L2 −→ E2 −→W2(OS) −→ 0.
Proof. Since E1 is geometrically split, we can pick s ∈ H0(S,E1), with q(s) = 1.
The formula
G −→ H0(S,L1)
g 7−→ g.s− s
determines a cohomology class e1 ∈ H1(G,H0(S,L1)). The fact that E1 lifts to a
geometrically split E2 is then equivalent to lifting e1 to e2 ∈ H1(G,H0(S,L2)).
Put A := H0(S,OS) and B :=
⊕
n∈NH
0(S,L⊗n1 ); these are (Fp, G)-algebras. Note
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that B is not perfect. Consider e1 as an element f1 ∈ H1(G,B). By definition of
1-smoothness (7.9), there exists m ≥ 0, and an extension of (G,B)-modules
F : 0 −→ B −→ F −→ B −→ 0,
corresponding by adjunction to
ǫB : 0 −→ Frob∗(B) −→ F
′ −→ B −→ 0,
enjoying the following property. Consider the natural extension of (G,W2(B))-
modules
Nat2(B) : 0 −→ Frob∗(B) −→W2(B) −→ B −→ 0.
Denote by β(Nat2(B)) and β(ǫB) the respective Bockstein arrows. Form the Baer
sum
Nat2(B)− ǫB : 0 −→ Frob∗(B) −→ B2 −→ B −→ 0;
where B2 is a lift of B, to a (G,W2(B))-module, free of rank one as a
W2(B)-module. Then, f
(m)
1 lifts via H
1(G,B2) −→ H1(G,B). Equivalently,
β(Nat2(B))(f
(m)
1 ) = β(ǫB)(f
(m)
1 ) ∈ H
2(G,B).
Proceeding as in the proof of Proposition 7.11, we write F as
F : 0 −→
⊕
n∈N
H0(S,L⊗n1 ) −→ F −→
⊕
n∈N
H0(S,L⊗n1 ) −→ 0.
Projecting on n = 0 factors gives an extension of (G,A)-modules
0 −→ A −→ E0 −→ A −→ 0,
which we view as a geometrically split extension of G-vector bundles over S
E : 0 −→ OS −→ E −→ OS −→ 0.
Twisting it by L
(m+1)
1 , we get a geometrically split extension of G-vector bundles
over S
E(L
(m+1)
1 ) : 0 −→ L
(m+1)
1 −→ E ⊗1 L
(m+1)
1 −→ L
(m+1)
1 −→ 0,
corresponding by adjunction to
ǫ(L
(m)
1 ) : 0 −→ Frob∗(L
(m+1)
1 ) −→ E
′ −→ L
(m)
1 −→ 0.
Taking global sections, we get an extension of (G,A)-modules
H0(ǫ(L
(m)
1 )) : 0 −→ Frob∗(H
0(S,L
(m+1)
1 )) −→ H
0(S,E′) −→ H0(S,L
(m)
1 ) −→ 0.
Consider the natural extension of (G,W2)-modules over S
Nat2(L
(m)
1 ) : 0 −→ Frob∗(L
(m+1)
1 ) −→W2(L1)
(m) −→ L
(m)
1 −→ 0.
Taking global sections yields a natural extension of (G,W2(A))-modules
H0(Nat2(L
(m)
1 )) : 0 −→ Frob∗(H
0(S,L
(m+1)
1 )) −→ H
0(S,W2(L1)
(m)) −→ H0(S,L
(m)
1 ) −→ 0,
where the surjectivity of the last arrow follows from the existence of the Teichm-
ller section. Denote by β(H0(ǫ(L
(m)
1 ))) and β(H
0(Nat2(L
(m)
1 ))) the Bockstein
arrows. From β(Nat2(B))(f
(m)
1 ) = β(ǫB)(f
(m)
1 ), we get β(H
0(ǫ(L
(m)
1 )))(e
(m)
1 ) =
β(H0(Nat2(L
(m)
1 )))(e
(m)
1 ). Consider the Baer sum
Nat2(L
(m)
1 )− ǫ(L
(m)
1 ) : 0 −→ Frob∗(L
(m+1)
1 ) −→ L
[m]
2
pi
−→ L
(m)
1 −→ 0.
Then, e
(m)
1 lifts via π∗ : H
1(G,H0(S,L
[m]
2 )) −→ H
1(G,H0(S,L
(m)
1 )). Since S is
perfect, we can undo the Frobenius twist, and we are done.

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9. The Weak One-dimensional Lifting Theorem.
In this section, we state the first lifting theorem of this article. It is to be thought
of as a generalization of classical Kummer theory, for H1(Gal(Fsep/F ), µpn), to
the broader context of torsors under (G,Wn)-line bundles, over a (G,Fp)-scheme
S. It applies to cyclotomic pairs (G,Z/p1+e(1)), of arbitrary depth e.
Theorem 9.1 (Weak One-dimensional Lifting). Let e ∈ N≥1 ∪ {∞}. Let
(G,Z/p1+e(1)) be a (1, e)-cyclotomic pair.
Pick an integer 1 ≤ n ≤ e. Let S be a (G,Fp)-scheme, and L be a G-linearized line
bundle over S. Consider a (G,Wn(L)(1))-torsor Pn over S, geometrically trivial.
Then, there exists an integer m ≥ 0, such that the (G,Wn(L⊗p
m
)(1))-torsor
Frobm∗ (Pn) lifts, to a geometrically trivial (G,W1+e(L
⊗pm)(1))-torsor.
Remark 9.2. It is clear, by the very definition of a smooth profinite group, that
this Theorem also holds if we replace G by an open (or even closed) subgroup
H ⊂ G. Its proof actually invokes a tremendous amount of such subgroups.
Note that, without loss of generality, we can assume that Z/p1+e(1) is trivial
modulo p, i.e. that Fp(1) has the trivial G-action. Indeed, the action of G on
Fp(1) occurs through a multiplicative character G −→ F×p , whose kernel G0 is of
prime-to-p index. Invoking the usual restriction-corestriction argument, it is then
free to replace G by G0.
The Weak One-dimensional Lifting Theorem is proved in Section 11.
10. Permutation G-modules and the Frobenius Integral Theorem
The goal of this Section is to state and prove the Integral Theorem for Frobenius
(FIT, Theorem 10.3). It is a remarkable algebraic device.
Lemma 10.1. Let A be an (Fp, G)-algebra, reduced and of finite-type. Put B =:
AG.
Then, the following assertions hold.
i) The Fp-algebra B is of finite-type, and A is finite, as a B-module.
ii) There exists a finite G-set X, and an element f ∈ B, which is not a zero
divisor in A, with the following properties:
a) The algebra Af/Bf is finite e´tale.
b) There exists G-equivariant homomorphisms of B-modules
φ : A −→ BX , and ψ : BX −→ A,
such that
ψ ◦ φ = f Id and φ ◦ ψ = f Id.
iii) The extension of (Fp, G)-modules
(E1) : 0 −→ A
×f
−→ A
pi
−→ A/f −→ 0
is split by pullback by the natural quotient map q : A/f2 −→ A/f.
Proof. Point i) is classical. Let us prove ii). Denote by H ⊂ G the kernel of the
action of G on A; it is an open subgroup.
Assume first that A is a domain. Denote by L (resp. K) the field of fractions of A
(resp. of B). By Artin’s Lemma, the extension L/K is Galois, with Galois group
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G/H . Put X := G/H . Then, by the normal basis theorem, there exists a G-
equivariant isomorphism of K-vector spaces L
∼
−→ KX . The existence of f ∈ B,
enjoying the properties required in a) and b), readily follows. This argument
instantly extends to the case where A is a finite product of domains, after noting
that the group G naturally permutes the factors of the finite product in question
(which correspond to the primive idempotents of A).
Let us deal now with the general case: denote by P1, . . . , Ps the generic points of
Spec(A). Put
Ki := APi ;
it is a reduced Artinian ring, hence a field. The canonical map
ι : A −→
s∏
i=1
Ki
is injective.
For each index i = 1, . . . , s, there exists an element
ai ∈ (∩j 6=iPj)− Pi.
Equivalently, the element ai is nonzero in Ki, but vanishes in all Kj’s, for j 6= i.
Put
a := a1 + . . .+ as.
We then have
a2i − aai = 0 ∈ A
for all i; indeed, these elements vanish in all Kj ’s. The element a ∈ A is not a
zero divisor, hence so is
b := NG/H(a)

=
∏
g∈G/H
g · a

 ∈ B.
Furthermore, the elements
ei :=
ai
a
∈ Ab
are primitive idempotents, decomposing Ab into a finite product of domains. We
are thus reduced to the previous case.
To prove iii), consider first the commutative diagram of (Fp, G)-modules
(E2) : 0 // A
×f2
//
φ

A //
φ

A/f2 //
φ/f2

0
(F2) : 0 // BX
×f2
//
ψ

BX //
ψ

(B/f2)X //
ψ/f2

0
(E2) : 0 // A
×f2
// A // A/f2 // 0.
The middle exact sequence F2 is split, since B −→ B/f2 splits as an Fp-linear
map. Since φ ◦ ψ = f Id, it follows that
fE2 = 0 ∈ Ext
1
(Fp,G)(A/f
2, A).
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But the diagram
(E1) : 0 // A
×f
// A //
×f

A/f //
×f

0
(E2) : 0 // A
×f2
// A // A/f2 // 0
shows that q∗(E1) = fE2. This completes the proof. 
Definition 10.2 (Permutation modules). An (Fp, G)-module is said to be a per-
mutation module if it has an Fp-basis (possibly infinite) which is permuted by G.
In other words, P is permutation if and only if it is isomorphic to an (Fp, G)-
module of the shape F
(X)
p , where X is a (possibly infinite) G-set.
Let f :M −→ N be a morphism of (Fp, G)-modules. We say that f factors through
a permutation module if there exists a factorization
M
g1
−→ P
g2
−→ N,
where the (Fp, G)-module P is permutation.
Such morphisms form a subgroup of Hom(Fp,G)(M,N).
The next Theorem is of the same essence as the Frobenius Integral Formula of [3,
Proposition 11.18]. Both results can actually be quickly deduced from each other.
Arguably, it maximizes the product (simplicity × depth), among all the results of
this paper.
Theorem 10.3 (Integral Theorem for Frobenius (FIT).). Let A be an (Fp, G)-
algebra, of finite-type as an Fp-algebra. Then, there exists an integer m ≥ 0
such that, as a morphism of (Fp, G)-modules, Frob
m
A : A −→ A factors through a
permutation module.
Proof. Let i ≥ 0 be such that the nilradical N of A satisfies N p
i
= 0. Then FrobiA
canonically factors through A −→ Ared . We can thus assume that A is reduced,
and proceed by induction on the (Krull) dimension of A. We use the notation and
the results of Lemma 10.1. By induction, there exists an integer m′ ≥ 0, working
for A/f . By point iii) of Lemma 10.1, there exist a morphism of (Fp, G)-modules
s : A/f2 −→ A, such that π ◦ s = q. Denote by φ : A/f −→ A/f2 the canonical
map, sending a (mod f) to ap (mod f2). Put
F1 := s ◦ φ ◦ Frob
m′
A/f ◦ π : A −→ A;
it is a morphism of (Fp, G)-modules, factoring through a permutation module
(because Frobm
′
A/f does). Then, the difference Frob
m′+1 − F1 takes values in the
ideal fA ⊂ A. Hence, there exists a morphism of (Fp, G)-modules
F2 : A −→ A,
such that
Frobm
′+1
A = F1 + fF2.
By point ii) of Lemma 10.1, the morphism “ multiplication by f ”: A −→ A
factors through a permutation module- hence so does fF2. Finally, we thus see
that m := m′ + 1 does the job. 
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Exercise 10.4. Adapt the proof of the Frobenius Integral Theorem, to show the fol-
lowing more precise statement, under the same assumptions. Consider the product
(infinite in general)
P(A) :=
∏
x∈Max(A)
k(x),
taken over all closed points x ∈ Spec(A), with residue field the finite field k(x).
Show that it is a permutation (Fp, G)-module, and that there exists an integer
m ≥ 0, such that
FrobmA : A −→ A
a 7−→ ap
m
factors through the natural map A −→ P(A), as a morphism of (Fp, G)-modules.
Question 10.5. (Does FIT hold for modules?)
Let M be an A[G]-module, which is finite locally free an an A-module. Does there
exists an m ≥ 0 such that
FrobmM : M −→ M
(m)
x 7−→ 1⊗ x
factors through the natural map M −→ P(A) ⊗A M, as a morphism of (Fp, G)-
modules?
In general, the answer is most likely “no”.
11. Proof of the Weak One-dimensional Lifting Theorem
11.1. The particular case S = Spec(A) affine, and L = OS. Note that, in
this case, any (G,Wn(L)(1))-torsor is geometrically trivial. Indeed, the Zariski
(or even fppf) H1 over an affine base, with coefficients in a line bundle, vanishes.
We can now prove Theorem 9.1, in the particular case S = Spec(A) and L = OS .
Under these assumptions, (G,Wn(L)(1))-torsors are all non-equivariantly trivial.
They are classified by H1(G,Wn(A)(1))- in the usual setting of the cohomology of
a profinite group G, with values in a discrete G-module. We are thus going to show
that after some suitable Frobenius pullback, all such classes admit a compatible
system of liftings.
To prove the Theorem, it is straightforward to reduce to the case where A is an
Fp-algebra of finite-type : a given cohomology class c is represented by a cocycle
(zg) ∈ Z1(G,Wn(A)(1)), which factors through an open subgroup of G. It thus
only takes finitely many values, each of which can be represented as a finite sum of
Teichmu¨ller representatives of elements of A. The G-orbit of each of these elements
is also finite. We may then indeed replace A by the (G,Fp)-algebra generated by
this finite G-invariant collection of elements of A.
In our setting, the Theorem is then a consequence of the following Proposition.
Note that its content (under stronger assumptions) is more precise. Namely, the
growth of the power of Frobenius making a given class in H1(G,Wn(A)(1)) lift
completely is actually linear in n.
Proposition 11.1. Let e ∈ N≥1 ∪{∞}. Let (G,Z/p1+e(1)) be a (1, e)-cyclotomic
pair.
Let A be a (G,Fp)-algebra, which is of finite-type over Fp. Then, there exists an
integer m(A) ≥ 0, with the following property.
Let n ∈ {1, . . . , e} be an integer and let c ∈ H1(G,Wn(A)(1)) be a cohomology
class. Then (Frobm(A)n)∗(c) lifts completely.
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Proof. By Theorem 10.3 there exists m = m(A) ≥ 0 and a factorization
Frobm : A
f
−→ F(X)p
g
−→ A,
for some G-set X (not necessarily finite). We now show that this m satisfies the
conclusion of the Proposition. We first deal with the case n = 1. Clearly, it suffices
to show that classes in the image of (the map induced on H1(G, .) by the Tate
twist of) g lift completely. The G-set X is a disjoint union of cosets G/Hi, where
the Hi’s are open subgroups of G. By Shapiro’s Lemma, replacing G by one the
Hi’s, we are reduced to the case X = {∗}. Put a := g([∗]) ∈ A. For all i ≥ 1,
denote by ai+1 := τ1+i(a) ∈W1+i(A) the Teichmu¨ller representative of a.
Let 0 ≤ i ≤ e be an integer. We have a commutative diagram
(Z/pi+1Z) //

. . . //

(Z/p2Z) //

(Z/pZ)

Wi+1(A) // . . . //W2(A) // A,
where the horizontal maps are the natural surjections, and the i-th vertical map
sends 1 ∈ Z/pi+1Z to ai+1. Twisting this diagram by (1), we see that all arrows
in the upper line become 1-surjective, by the very definition of (1, e)-smoothness.
Thus, Im(g∗) ⊂ H1(G,A(1)) indeed consists of classes that lift completely.
The proof of the general case is by induction on n. Assuming the result known for
n, let c ∈ H1(G,Wn+1(A)(1)) be a cohomology class. Denote by b its reduction
to a class in H1(G,Wn(A)(1)). By induction, we know that bn := (Frob
nm)∗(b)
admits a compatible system of liftings (bn+i)0≤i≤e+1−i. Set
c′ := (Frobnm)∗(c)− bn+1.
Via the maps induced in cohomology from the exact sequence
0 −→ A(1)
in−→Wn(A)(1) −→Wn+1(A)(1) −→ 0,
c′ reduces to 0 in H1(G,Wn(A)(1)), hence comes from a class b
′ ∈ H1(G,A(1)).
By the n = 1 case, we get that (Frobm)∗(b′) lifts completely. Hence, (Frobm)∗(c′)
lifts completely as well. Finally, we see that
(Frob(n+1)m)∗(c) = (Frobm)∗(bn+1) + (Frob
m)∗(c′)
lifts completely- as a sum of classes sharing this property. 
11.1.1. The general case. We now prove Theorem 9.1, for S and L arbitrary.
By assumption, there exists a (not necessarily G-equivariant) trivialization
F : P
∼
−→Wn(L)(1)
of the Wn(L)(1)-torsor P over S. Remembering that the automorphism group of
the trivial Wn(L)(1)-torsor is H
0
Zar(S,Wn(L)(1)), we see that the assignment
z : G −→ H0Zar(S,Wn(L)(1))
g 7−→ zg := F−1 ◦ g ◦ F ◦ g−1
is a 1-cocycle. The (G,Wn(L)(1))-torsor P can be recovered as the twist of the
trivial (G,Wn(L)(1))-torsor by this cocycle. Denote by
c ∈ H1(G,H0Zar(S, (Wn(L)(1))))
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the cohomology class of z.
Showing that P lifts completely is then equivalent to lifting c to elements of
ci ∈ H
1(G,H0Zar(S, (Wi(L)(1)))),
for i ∈ {n, . . . , e + 1}, in a compatible fashion. Theorem 9.1 thus boils down to
the following Proposition.
Proposition 11.2. Let e ∈ N≥1 ∪{∞}. Let (G,Z/p1+e(1)) be a (1, e)-cyclotomic
pair.
Let S be a (G,Fp)-scheme. Pick an integer 1 ≤ n ≤ e.
Let c ∈ H1(G,H0Zar(S,Wn(L))(1)) be a cohomology class. Then, there exists an
integer m ≥ 0, such that the class
(Frobm)∗(c) ∈ H1(G,H0Zar(S,Wn(L
⊗pm))(1))
admits compatible liftings
ci ∈ H
1(G,H0Zar(S,Wi(L
⊗pm))(1)),
for i ∈ {n+ 1, . . . , e+ 1}.
Proof. By Proposition 6.4, we have a commutative diagram, with exact rows
0 // H0(S,W2+i(L
⊗pn)) //

H0(S,Wn+2+i(L)) //

H0(S,Wn+1+i(L)) //

0
0 // H0(S,W1+i(L
⊗pn)) //

H0(S,Wn+1+i(L)) //

H0(S,Wn+i(L)) //

0
...

...

...

0 // H0(S,L⊗p
n
)
i
// H0(S,Wn+1(L))
pi
// H0(S,Wn(L)) // 0,
where Frobenius pushforwards are dismissed for clarity.
We work in the Tate twist of this diagram, and mimick the proof of Proposition
11.1. By induction on n, we assume the result known for a given n ≥ 1, and for
all L. Let c ∈ H1(G,H0Zar(S,Wn+1(L))(1)) be a cohomology class. Then, there
exists m1 ≥ 1 such that
π∗((Frob
m1)∗(c)) ∈ H1(G,H0Zar(S,Wn(L
⊗pm1 ))(1))
admits a compatible system of liftings (bi)n≤i≤d+1. Replacing L by L
⊗pm1 , we can
assume that m1 = 1. Replacing c by c − bn+1, we then reduce to the case where
π∗(c) = 0. Hence, there exists a ∈ H1(G,H0Zar(S,L
⊗pn(1)), such that i∗(a) = c.
If we can show that (a high enough Frobenius twist of) a lifts completely (with
respect to the line bundle L⊗p
n
), then we are done, by commutativity of the
diagram above.
We then see that only the case n = 1 remains to be considered. Put
A :=
⊕
i∈Z
H0Zar(S,L
⊗i);
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the (Fp, G)-algebra of regular functions on the Gm-torsor associated to L. As
usual, the class c ∈ H1(G,H0Zar(S,L)(1)) is defined by a cocycle taking only
finitely many values. Let A′ ⊂ A be the sub-(Fp, G)-algebra generated by these
values; it is an Fp-algebra of finite-type. By the Frobenius Integral Theorem 10.3,
there exists m ≥ 0 and a factorization
Frobm : A′
f
−→ F(X)p
g
−→ A′,
where X is a G-set. Consider the composite
φ : F(X)p
g
−→ A′
⊂
−→ A
prm−→ H0Zar(S,L
⊗pm),
where prm is the natural projection. We are now reduced to showing that classes
in the image of
φ∗ : H
1(G,F(X)p ) −→ H
1(G,H0Zar(S,L
⊗pm))
admit a compatible system of liftings.
By Shapiro’s Lemma, we can assume that X = {∗}.
Put a := prm(g([∗])) ∈ H
0
Zar(S,L
⊗pm) and for all n ≥ 1, denote by
an := τn(a) ∈ H
0
Zar(S,Wn(L
⊗pm))
the canonical Teichmu¨ller lift of a. We conclude by a chase in the (cohomology
induced by the Tate twist of the) diagram
(Z/pi+1Z) //
17→i+1

. . . //

(Z/p2Z) //
17→a2

(Z/pZ)
17→a

H0Zar(S,Wi+1(L
⊗pm)) // . . . // H0Zar(S,W2(L
⊗pm))(A) // H0Zar(S,L
⊗pm).

Remark 11.3. It is dear to us to mention here that Theorem 9.1 is extremely similar
to the (first) Stable Lifting Theorem [3, Theorem 16.2] of one of our previous
preprints. Both theorems can actually be quickly deduced from each other.
12. The Strong One-dimensional Lifting Theorem.
We are now going to prove a Lifting Theorem for a broader class of (G,Wn(L)(1)-
torsors. Recall that the Weak One-dimensional Lifting Theorem applies to
(G,Wn(L)(1)-torsors over an (Fp, G)-base S, which are geometrically trivial. Ge-
ometrically, these obviously lift- to a trivial W(L)(1)-torsor.
With a bit of work, we will show the following. Let (G,Zp(1)) be a 1-cyclotomic
pair. Let Pn be a (G,Wn(L)(1))-torsor. Assume that Pn possesses a geometric
lift, to a W(L(1))-torsor P , whose cohomology class (in H1Zar(S,W(L)(1))) is
G-invariant. Then, some Frobenius pullback of Pn lifts, to a(G,W(L)(1))-torsor.
This is our Strong One-dimensional Lifting Theorem. Note that it applies only
when the depth e is infinite. In finite depth, we do not have a similar statement.
Theorem 12.1. (Strong One-dimensional Lifting Theorem)
Let (G,Zp(1)) be a 1-cyclotomic pair.
Let S be a perfect (G,Fp)-scheme and let L be a G-linearized line bundle over S.
Denote by GS ⊂ G the kernel of the action of G on S and put s := vp(|G/GS |).
Let n ≥ 1 be an integer, and let Pn be a (G,Wn(L)(1))-torsor over S. Denote Pn
the Wn(L)(1)-torsor given by Pn, forgetting the action of G.
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Assume that Pn lifts to a W(L)(1)-torsor P , whose class in H
1
Zar(S,W(L)(1))
is G-invariant.
Then, P can be equipped with the structure of a (G,W(L))(1)-torsor, lifting the
(G,Wn(L))(1)-torsor Pn.
Proof. Recall the natural exact sequence
0 −→ Frobn∗ (W(L
⊗pn)) −→W(L) −→Wn(L) −→ 0.
It has a natural non-linear section- its Teichmller section. We thus get an exact
sequence of G-modules
0 −→ H0(S,Frobn∗ (W(L
⊗pn)(1))) −→ H0(S,W(L)(1))
pin−→ H0(S,Wn(L)(1)) −→ 0.
There exists a natural obstruction
Obs ∈ H2(G,H0(S,W(L⊗p
n
)(1))),
whose vanishing is equivalent to endowing P with the structure of a (G,W(L)(1))-
torsor P , lifting Pn. To build it, pick isomorphisms of W(L)(1)-torsors over S,
φg : P
∼
−→ g.P ,
one for each g ∈ G. Consider their reduction, to isomorphisms ofWn(L)(1)-torsors
over S,
φg,n : Pn
∼
−→ g.Pn.
Denote by
cang,n : Pn
∼
−→ g.Pn
the canonical isomorphisms, giving the semi-linear action of G on Pn. Then,
δg,n := φ
−1
g,n ◦ cang,n belongs to the automorphism group of Pn, which is
H0(S,Wn(L)(1)). We can lift δg,n through πn, to δg ∈ H
0(S,W(L)(1)) =
AutS(P ). Replacing φg by φg ◦ δg, we are reduced to φg,n = cang,n. Then,
set
cg,h := φ
−1
g ◦ (g.φ
−1
h ) ◦ φgh ∈ H
0(S,W(L)(1)) = AutS(P ).
By what precedes, πn(cg,h) = 0, so that cg,h is a 2-cocycle, living in
Z2(G,H0(S,W(L⊗p
n
)(1))). Set Obs to be its cohomology class.
If S is affine, then Obs is simply the obstruction to lifting the geometrically
trivial torsor Pn. It thus vanishes, by the Weak One-dimensional Lifting Theorem
(Theorem 9.1).
Suppose now that G acts trivially on S. Let (Ui) be a finite cover of S, by affine
open subschemes. The preceeding discussion, the image of Obs by the (arrow
induced by the) injection
0 −→ H0(S,W(L⊗p
n
)(1)) −→
⊕
H0(Ui,W(L
⊗pn)(1))
vanishes. Using Lemma 12.2, we see that Obs vanishes.
We no longer assume that G acts trivially on S. By restriction-corestriction (from
G to GS), we get that p
sObs vanishes. Indeed, GS acts trivially on S.
Assume first n ≥ s.
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Consider the (twist by (1) of the) natural commutative diagram of G-Wtf-Modules
on S with exact rows
D : 0 // Frobn∗ (W(L
⊗pn)) //
f :=Frobn∗ (ad(Id
W(L⊗p
n+s
)
))

W(L) //
ad(Id
W(L⊗p
n
)
)

Wn(L) //
ad(Id
Wn(L
⊗pn )
)

0
0 // Frob2n∗ (W(L
⊗p2n))
i
// Frobn∗ (W(L
⊗pn)) // Frobn∗ (Wn(L
⊗pn)) // 0,
where we write ad for adjunction, between Frob∗ and Frob
∗. We have i◦f = ×pn.
Twisting it by (1) and taking global sections, we get an analoguous diagram C :=
H0(S,D(1)), where each G-Wtf-Module M is replaced by H0(S,M(1)). By the
Weak One-dimensional Lifting Theorem, the arrow
H1(G,H0(S,W(L⊗p
n
)(1))) −→ H1(G,H0(S,Wn(L
⊗pn)(1)))
is surjective. By chasing in the diagram induced in cohomology by C, we get
f∗(Obs) = 0 ∈ H2(G,H0(S,W(L⊗p
2n
)(1))). Since S is perfect, Obs itself van-
ishes, and we are done.
Assume now n < s. Put t := s− n.
Consider the natural commutative diagram of G-Wtf-Modules on S, with exact
rows,
D′ : 0 // Frobn+t∗ (W(L
⊗pn+t)) // Frobt∗(W(L
⊗pt)) //

Frobt∗(Wn(L
⊗pt)) //

0
0 // Frobs∗(W(L
⊗ps)) //W(L) //Ws(L) // 0.
Twisting by (1) and taking global sections yields a similar diagram C′ :=
H0(S,D′(1)). Since S is perfect, it suffices to show that (Frobt)∗(P ) can be
equipped with the structure of a (G,W(L⊗p
t
))(1)-torsor, lifting (Frobt)∗(Pn). By
chasing in the diagram induced in cohomology by C′, we are reduced to the case
n = s (cohomology of the lower line), which was dealt with above.

Lemma 12.2. Let S be a Fp-scheme, endowed with the trivial action of G, and let
L be a G-line bundle over S. Denote by GL the kernel of the action of G on L.
Let (Ui)i=1,...,N be a finite cover of S, by affine open subschemes. Let r ≥ 1 be an
integer. Consider the exact sequence
R : 0 −→ H0(S,Wr(L))
ρ
−→
N⊕
i=1
H0(Ui,Wr(L)) −→ Br −→ 0,
where Br is defined as the cokernel of ρ.
If the index of GL in G is prime-to-p (which holds for instance if S is reduced),
then the pushforward of (Frobr−1)∗(R) by the natural injection
Frobr−1 : H0(S,Wr(L)) −→ H
0(S,Wr(L
⊗pr−1))
splits, as an extension of (Z/prZ)[G]-modules.
In general, denote by prL the exponent of the p-primary component of the finite
Abelian group G/GL ⊂ Gm(S). Then, (Frob
r+rL−1)∗(R) splits, as an extension
of (Z/prZ)[G]-modules.
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In each of these cases, the twist
R(1) : 0 −→ H0(S,Wr(L)(1))
ρ
−→
N⊕
i=1
H0(Ui,Wr(L)(1)) −→ Br(1) −→ 0
clearly has the same property.
Assume now that S is perfect. Then, the natural exact sequence of Zp[G]-modules
0 −→ H0(S,W(L)(1))
ρ
−→
N⊕
i=1
H0(Ui,W(L)(1)) −→ B(1) −→ 0
splits.
Proof. The last assertion follows from the (proof of the) first by passing to the
limit. We thus content ourselves with proving this first assertion.
Since the group of automorphisms of the line bundle L is Gm(S), and since Frobe-
nius additively kills p-nilpotent elements (and hence multiplicatively kills p-th
roots of unity), we see that GL⊗prL has index prime-to-p in G. Replacing L by
L⊗p
rL , we see that the second assertion follows from the first, which we now prove.
By the usual “restriction-corestriction” argument, we can assume that G = GL
acts trivially on L. We then have to show that (Frobr−1)∗(R) splits, as a morphism
of (Z/prZ)-modules. To do so, it suffices to check the following property : for every
s ∈ H0(S,Wr(L)), and every integer 1 ≤ j ≤ r − 1, if (si) := ρ(s) is divisible
by pj in the group
⊕N
i=1H
0(Ui,Wr(L)), then Frob
r−1(s) is divisible by pj in the
group H0(S,Wr(L
⊗pr−1)).
We now prove this. Write si = p
jti, for ti ∈ H0(Ui,Wr(L)). Note that the
multiplication by pj
Wr(L) −→ Wr(L)
x 7−→ pjx
factors as the composite of the two natural morphisms (of WtF-Modules over S)
Wr(L)
aj
−→ (Frob∗)
j(Wr−j(L
⊗pj ))
ir−j,r
−→ Wr(L),
where aj is adjoint to the reduction
(Frobj)∗(Wr(L)) = Wr(L
⊗pj ) −→Wr−j(L
⊗pj ),
and where ir−j,r is the natural injection.
Put ui := (aj)Ui(ti), viewed as elements of H
0(Ui,Wr−j(L
⊗pj )). Since ir−j,r
is injective, the ui glue, to a global section u ∈ H0(S,Wr−j(L⊗p
j
)). Through
the Teichmu¨ller section [5, Section 3.1], u possesses a natural lift to an element
u˜ ∈ H0(S,Wr(L⊗p
j
)). Finally observing that the composite
(Frob∗)
j(Wr(L
⊗pj )) −→ (Frob∗)j(Wr−j(L⊗p
j
))
ir−j,r
−→ Wr(L) −→ (Frob∗)j(Wr(L⊗p
j
))
is multiplication by pj , we see that the elements Frobj(s) and pju˜ coincide when
restricted to each Ui, hence they coincide.
A fortiori, we get Frobr−1(s) = pjFrobr−1−j(u˜)- as was to be shown. 
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13. The Uplifting Conjecture.
To conclude, we state a deep conjecture. It is proved in [6], where first applications
are also given.
Conjecture. 13.1. (The Uplifting Conjecture.)
Let G be a 1-smooth profinite group.
Let
∇1 : 0 ⊂ V1,1 ⊂ V2,1 ⊂ . . . ⊂ Vd,1
be a complete flag of G-linearized vector bundles, of arbitrary dimension d ≥ 1,
over a perfect affine (Fp, G)-scheme S = Spec(A).
Then, ∇1 admits a lift, to a complete flag ∇2 of (G,W2)- bundles over S.
At the light of Definition 7.12, it is straightforward to reformulate the Uplifting
Conjecture, in the language of Galois cohomology.
Conjecture. 13.2. (The Uplifting Conjecture, equivalent reformulation)
Let G be a 1-smooth profinite group.
Let A be a perfect (Fp, G)-algebra. Let d ≥ 1 be an integer. Denote by Bd ⊂ GLd
the Borel subgroup of upper triangular matrices.
Then, the natural arrow
H1(G,Bd(W2(A))) −→ H
1(G,Bd(A)),
given by reduction, is surjective.
acknowledgments
To be filled in, in the next version.
Bibliography
[1] A. Bertapelle, C. D. Gonzlez-Avils, The Greenberg functor revisited, European Journal of
Mathematics, Vol. 4, Issue 4 (2018) 1340-1389.
[2] Oort, Frans, Yoneda extensions in abelian categories, Math. Ann. 153, 227-235 (1964).
[3] C. De Clercq, M. Florence, Lifting Theorems and Smooth Profinite Groups, available on the
arXiv : https://arxiv.org/abs/1710.10631.
[4] C. De Clercq, M. Florence, Lifting low-dimensional local systems, available on the arXiv :
https://arxiv.org/abs/1812.08068.
[5] C. De Clercq, M. Florence, G. Lucchini-Arteche, Lifting vector bundles to Witt vector bundles,
available on the arxiv : https://arxiv.org/abs/1807.04859.
[6] M. Florence, Smooth profinite groups, II : The Uplifting Theorem, available on the arXiv,
and on the author’s webpage.
[7] C. Quadrelli, T. Weigel, Profinite groups with a cyclotomic p-orientation, to appear in Doc.
Math.
[8] J.-P. Serre, Corps locaux, Hermann, Paris, 1968.
[9] J.-P. Serre, Sur la topologie des varie´te´s alge´briques en caracte´ristique p, Symposium de
topologie alge´brique, Mexico, 24-53, 1956.
Charles De Clercq, Equipe Topologie Alge´brique, Laboratoire Analyse, Ge´ome´trie
et Applications, Universite´ Paris 13, 93430 Villetaneuse.
Mathieu Florence, Equipe de Topologie et Ge´ome´trie Alge´briques, Institut de
Mathe´matiques de Jussieu, Universite´ Pierre et Marie Curie, 4, place Jussieu, 75005
Paris.
